
Solutions to Quiz 4
1. Let X(x) = sin(3x). Then, u(x, t) = X(x)T (t) is a solution to the wave equation
utt = 4uxx if

A. cosh(2t)

B. sin(3t)

C. None of these

D. sinh(6t)

E. cos(6t)

Solution: Since u(x, t) = sin(3x)T (t) and utt = 4uxx yields

4
X ′′

X
= −36 =

T ′′

T
,

T (t) should satisfy T ′′ + 36T = 0. The general solution is T (t) = C1 cos(6t) +
C2 sin(6t) so that cos(6t) is the answer.

2. The function

u(x, t) = −5e−18t cos(3x)− e−50t sin(5x) + 9x+ 7

is a solution to

A. 2uxx = ut

B. 2uxx = ut + 9x+ 7

C. uxx = ut

D. uxx = utt

E. uxx = ut + 7

Solution: Computing uxx and ut, we get

uxx = 45e−18t cos(3x) + 25e−50t sin(5x)

ut = 90e−18t cos(3x) + 50e−50t sin(5x).

Thus, we have 2uxx = ut.

3. The solution to the heat conduction problem

16uxx = ut, for 0 < x < 5, t > 0,

u(0, t) = u(5, t) = 0, for t ≥ 0,

u(x, 0) = 7 sin
(πx

5

)
+ 10 sin(πx),
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is given by

u(x, t) =
∞∑
n=1

Cne
− 16n2π2t

25 sin
(nπx

5

)
.

Find C1 and C2.

Solution: Note that

Cn =
2

5

∫ 5

0

(
7 sin

(πx
5

)
+ 10 sin(πx)

)
sin
(nπ

5
x
)
dx.

By the orthogonality of sine functions, we have

2

5

∫ 5

0

7 sin
(πx

5

)
sin
(nπ

5
x
)
dx =

7

5

∫ 5

−5
sin
(πx

5

)
sin
(nπ

5
x
)
dx

=

{
7, n = 1,

0, otherwise

and

2

5

∫ 5

0

10 sin(πx) sin
(nπ

5
x
)
dx =

1

5

∫ 5

−5
10 sin(πx) sin

(nπ
5
x
)
dx

=

{
10, n = 5,

0, otherwise.

Therefore, we obtain

Cn =


7, n = 1,

10, n = 5,

0, otherwise.

In particular, C1 = 7 and C2 = 0.

4. Find the solution u(x, t) where 0 < x < L and t > 0 of the diffusion equation ut = κuxx
u(0, t) = T1; u(L, t) = T2 u(x, 0) = a

A. u(x, t) =
∑∞

m=1
2a
mπ

(1− (−1)m)e−
m2π2

L2 t sin(mπx
L

) + (T2−T1)
L

x+ T1

B. u(x, t) =
∑∞

m=1 a
(mπ)2

L
sin(mπ

L
x)e−

m2π2

L
t + T2

C. u(x, t) =
∑∞

m=1 a
(mπ)2

L
cos(mπ

L
x)e−

m2π2

L2 t + (T2− T1)/Lx+ T1

D. u(x, t) =
∑∞

m=1 a(−1)m sin(mπ
L
x)e−

m2π2

L2 t
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E. u(x, t) =
∑∞

m=1 a sin(mπ
L
x)e−

m2π2

L2 t

Solution:

The solution to the heat conduction problem ut = κuxx u(0, t) = T1; u(L, t) =

T2 u(x, 0) = a is given by u(x, t) =
∑∞

m=1 bne
−m

2π2

L2 t sin(mπx
L

) + v(x) where bm =
2
L

∫ L
0
f(x) sin(mπx

L
)dx == 2

L

∫ L
0
a
(
L
mπ

(− cos(mπx
L

) |L0
)

= 2a
mπ

(1− (−1)m) are the sine
Fourier coefficients of f(x) = a and v(x) is the solution to

v′′ = 0, v(0) = T1; v(L) = T2

so v(x) = (T2−T1)
L

x+ T1

5. Find the steady state solution v(x) where 0 < x < L of the diffusion equation ut = κuxx
u(0, t) = B; ux(L, t) = A u(x, 0) = a x3

A. v = Ax+B

B. v = ax3

C. v = ax3 + Ax+B

D. v = e−
n2π2

L
t

E. v =
∑∞

m=1 a sin(mπ
L
x)e−

n2π2

L
t + Ax+B

Solution: The steady state solution satisfies

v′′ = 0, v(0) = A; v′(L) = B

From v′′ = 0 we get that v is linear v = ax+ b and plugging in the initial conditions

B = v(0) = b A = v′(L) = a

whence v = Ax+B

6. Write the solution u(x, t) of

utt = a2uxx, for 0 < x < L, t > 0,

u(0, t) = 0, for t ≥ 0,

u(L, t) = 0, for t ≥ 0,

u(x, 0) = sin
(
2πx
L

)
for 0 ≤ x ≤ L

ut(x, 0) = 0, for 0 ≤ x ≤ L
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Solution: The solution is

u(x, t) =
∞∑
m=1

bn sin(
mπx

L
) cos(

mπt

L
)

with bn = 2
L

∫ L
0
f(x) sin(nπx

L
)dx = 2

L

∫ L
0

sin(2πx
L

) sin(nπx
L

)dx. Since the scalar prod-
uct

2

L

∫ L

0

sin(
2πx

L
) sin(

nπx

L
)dx = 0 for . n 6= 2

and
2

L

∫ L

0

sin(
2πx

L
) sin(

2πx

L
)dx = 1

we have that bn = 0 for n 6= 2 and b2 = 1 which yields

u = sin(2πx/L) cos(2πt/L)
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