
Math 285 Lecture Note: Week 13

Daesung Kim

Lecture 32. The Wave Equation: Vibrations of an Elastic String
(Sec 10.7)

1 Nonzero initial velocity

We consider the wave equation

a2uxx = utt (1)

with the boundary condition

u(0, t) = 0, u(L, t) = 0 (2)

and the initial conditions

u(x, 0) = 0, ut(x, 0) = g(x). (3)

Using the same argument, we get

λn =
n2π2

L2
, Xn(x) = sin

(nπ
L
x
)
,

and T ′′ + a2λT = 0 with T (0) = 0. Since the general solution for T is

Tn(t) = k1 cos
(nπa
L

t
)

+ k2 sin
(nπa
L

t
)
,

the initial condition T (0) = 0 implies k1 = 0. Thus,

un(x, t) = sin
(nπ
L
x
)

sin
(nπa
L

t
)

is a solution to (1) with (2) and u(x, 0) = 0. Since this boundary problem is homogeneous, the superposition
property yields that

u(x, t) =

∞∑
n=1

Dn sin
(nπ
L
x
)

sin
(nπa
L

t
)

is also a solution. Finally, the initial condition ut(x, 0) = g(x) yields

ut(x, 0) = g(x) =

∞∑
n=1

Dn
nπa

L
sin
(nπ
L
x
)
.

We use the Fourier sine series of g to determine Cn

Dn =
2

nπa

∫ L

0

g(x) sin
(nπ
L
x
)
dx.

1



2 General case

We are ready to find a solution u(x, t) to (1) with boundary conditions (2) and initial conditions

u(x, 0) = f(x), ut(x, 0) = g(x). (4)

To this end, we find two solutions v(x, t) and w(x, t) such that v(x, t) is a solution with initial condition

u(x, 0) = f(x), ut(x, 0) = 0. (5)

and w(x, t) with (3). That is,

a2vxx = vtt, v(0, t) = v(L, t) = 0, v(x, 0) = f(x), vt(x, 0) = 0,

a2wxx = wtt, w(0, t) = w(L, t) = 0, w(x, 0) = 0, wt(x, 0) = g(x),

Define u(x, t) = v(x, t) + w(x, t), then

a2uxx = a2(vxx + wxx) = a2vxx + a2wxx = vtt + wtt = utt,

u(0, t) = v(0, t) + w(0, t) = 0,

u(L, t) = v(L, t) + w(L, t) = 0,

u(x, 0) = v(x, 0) + w(x, 0) = f(x) + 0 = f(x),

ut(x, 0) = vt(x, 0) + wt(x, 0) = 0 + g(x) = g(x).

Thus,

u(x, t) =

∞∑
n=1

Cn sin
(nπ
L
x
)

cos
(nπa
L

t
)

+

∞∑
n=1

Dn sin
(nπ
L
x
)

sin
(nπa
L

t
)

with

Cn =
2

L

∫ L

0

f(x) sin
(nπ
L
x
)
dx,

Dn =
2

nπa

∫ L

0

g(x) sin
(nπ
L
x
)
dx.
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