Solutions to Practice problems for midterm 3

1. Consider the function defined as

f(x):{x—l—a, r <0,

b—x, x>0.

To which value will the Fourier Series expansion of f(x) converge at z = 07?

Solution: It converges to the average of the left and right limit at x = 0, that is

3(F(0=) + f(0+)) = ==

2. Consider the function f(z) = a for 0 < z < L. Which one is the Fourier cosine series
expansion of f(z)?

A. a

B. 0

Yoot i cos ()
Dot iz sin (°)
Yoot s cos (*FF)

STl TR E = cos (1)

o =Y Q

Solution: The Fourier cosine series S(x) is

0 = nmw 2a nmw
S(z) 5 T 7?1 ap cos( 7 ), an =7 i cos( 7 x)dx forn =0,1,2,
Since a, = 0 for all n =1,2,--- and ag = 2a, we have S(z) = a for all x.

3. Consider the following diffusion equation problem for u(x,t):

Ut = 7Y Uz
u(0,t) = 0; u(L,t) =0
u(z,0) = v 2

If you were to use separation of variables and write u(z,t) = X (x)T'(t), which would be
the correct boundary conditions for X (x)?

A X(0)=0, X(2L)=0
B. X'(0)=0; X'(L)=0
C. X'(0)=0; X'(L)=0
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D. X(0) =0; X(y)=0
E. X(0)=0; X(L) =
F. X'(0) =0; X'(y)=0
G. None of these

Solution: Since
up = X(2)T'(t) = X" (2)T(t) = Yy,
the separation of variable yields % = —=< = —\. From the boundary conditions,

we have X(0)T'(t) =0= X(L)T'(¢t). If X(0) # 0 or X(L) # 0, then T'(¢) = 0 so that
u(z,t) = 0. Thus, ther correct boundary conditions for X are X (0) = X (L) = 0.

4. Consider the following boundary value problem for y(x)
y// + y=ax
with y(0) = 0 and y(L) = 7. Here L is either L = m or L = J and f3 is either 8 = a or
£ = 2a. How many solutions does this problem have?
Two solutions
Cannot be determined
No solution

Infinite solutions

=0 aw>

One solution

Solution: The general solution is y(z) = ax + C; cos(z) + Cy sin(z). Since y(0) = 0,
we have C; = 0.

Suppose L = m. Then, y(r) = ar = pr. If § = a, then there are infinitely many
solutions. If # = 2a, then there is no solution.

Suppose L = 7. Then, y(3) = Ja + Cy = 7. So, there is one solution.

5. Consider the following equation for y(z):
y"+Ay=0

and the following eigenfunctions yo(z) = 1 and

Yn () = cos (n_zx)

Which boundary conditions would give the above eigenfunctions?
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A y'(0)=0;  y'(2L)=0
B.y(0)=0;  y(L)=0
C.y(0)=0;  y(2L)=0
D. y'(0) = 0; y'(L)=0
E. None of these

Solution: One can see that

, nw . NI

and y/,(0) = y, (L) = 0.

6. Consider the following eigenvalue problem for y(x):

y"+Ay=0

with y(0) = 0 and y'(L) = 0. Which are the correct eigenvalues and corresponding
eigenfunctions?

A. )\, = (2n4—ng27r2; yn(llf) — sin |:(2n;L1)7r:c:|

TL27T2 nmx

B. A\, = 55 Yn(z) = cos [£]

C. \ = %; yn(z) = sin [22Z]

D. A\, = (2n;1L)2ﬂ2; yn(z) = cos [—(2";1)”}

E. None of these

Solution: One can see that A should be positive. Let A = p%. The general solution
is y(z) = C} cos(ux) + Cysin(pz). Then, y(0) = C; = 0 and

y'(L) = Cypcos(uL) = 0.

Since we are looking for nontrivial solutions and C; = 0, (5 should be nonzero.
Thus,

(2n — )7

I =
K 2

forn=1,2,---.

7. Consider the function f(x) = a for 0 < x < L. Which one is the Fourier sine series
expansion of f(z)?
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0

Do i cos (%52)

Sy e sin (452)
T

Y S sin (2
E. 300y sin ("F)
F. 30 e sin (UF%)

G. None of these

o Qw =

Solution: The Fourier sine series S(x) is

with

-2 (_i[cos(”%x)]g) /0 ’ sin(") dr

8. Determine for which value of a the following boundary value problem for y(z) has solu-
tions.

y"+y=0, y(0) = a, y(m) = a.

Solution: The general solution is y(z) = C}cos(z) + Cysin(x). By the boundary
conditions, we have '} = o and —C = a. If a = —a, then there are infinitely many
solutions. Otherwise, there is no solution.

9. Consider the diffusion equation problem for u(z,t) below:

Ut = 7Y Uz
u(0,t) = a; u(L,t) =0b
u(z,0) =~y

What is the steady state solution of this problem?
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Solution: The steady state solution v(z) is a solution to v" = 0 with v(0) = a and
v(L) = b. Since the general solution is v(z) = Ciz + Cs, we get v(z) = a + 2a.
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