Solutions to Midterm 1

1. If v(z) = %2 then

vy = 2y + 3y* + 62

can be transformed into

v = 3z(v? + 2)

v =302 +6

v’ = 20+ 322 (v* + 2)

None of these

m 0 Qw P

xv = 30 + 622

Solution: Since v(z) = Y9 we have y = 22v and y' = 220’ + 2zv. So, the given

equation can be written as
zy' = 2% + 20%0 = 22%0 + 32%0? + 62" = 2y + 3y® + 62”.
Dividing 2?2 both sides, we get

20’ 4 20 = 20 + 32%0* + 627 = 20 + 32%(v® + 2)

as desired.

2. Determine the stability of the equilibrium of the following equation for P().

dP
— =2P(P+3)(P—-1).
dt
A. P(t) = —3 and P(t) = 1 are unstable and P(t) = 0 asymptotically
stable.
B. P(t) = -3, P(t) =1, P(t) = 0 are unstable.
C. P(t) = —3 and P(t) = 1 are asymptotically stable and P(t) = 0 is unstable.
D. None of these.
E. P(t) = —3 and P(t) = 0 are unstable and P(t) = 1 asymptotically stable.

Solution: Let f(P) =2P(P+3)(P —1), then f(P)>0if P € (—=3,0)U(1,00) and
f(P)<0if P € (—o00,—3)U(0,1). Thus, P(t) = —3 and P(t) = 1 are unstable and
P(t) = 0 asymptotically stable.
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3. The Wronskian of y;(t) = e =336 and y,(t) = e =333 ig
A. 0
B. None of these.
C. 6—6t2—6t+12(_12t _ 6)

D 96—3t2—3t+6

E. e(—12¢ — 6)

Solution: Note that y;(t) = €%y,(t). If y; is a scalar multiple of yo, then Wyy, yo](t) =
0 for all t. Indeed,

Wy, vo) (t) = v1ys — y1ye = €”yoyh — €”yayh = 0.

4. Tf y(t) = 5e~* — 4¢® is a solution to the following equation

Yy +py +qy=0,

what are p and ¢7

Solution: Since y(¢) is a solution, we have

y// +py/ + qy = (56_4t o 465t)” _|_p(5€—4t o 465t)/ + q(5e—4t o 46515)
= 5e (16 — 4p + q) — 4€™ (25 + 5p + q)

=0
for all . This implies that 16 — 4p + ¢ = 25 4+ 5p + ¢ = 0. Therefore, p = —1 and
q = —20.
5. Consider

,_ =5 y+5)
yly—8)

Solution: Let f(y) = =2 then f(y) > 0if y € (—o0,—5) U (0,5) U (8,00)
and f(y) < 0if y € (=5,0) U (5,8). If y(0) = —1, then y(¢) is decreading so that
lim; o y(t) = —5. If y(0) = 2, then y(t) is increasing so that lim; ., y(t) = 5.
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