Solutions to Practice for Final exam

1. Consider the following initial value problem for y(z):

=G y__b; y(0) = yo.

Y

For which values of g and 3y are we guaranteed one and only one solution?
A.zxp=p#band yg=a >a
B. zp=band yg=a >a
C.xo=p0p#band yp=a
D. xp=0band yo =a
E.zp=pF#band yp=a
F. None of these

Solution: The equation is of the form

y' = f(z,y)

with f(x,y) = & Z)% The initial value zo = f # b and yo = a > a is the only one

for which f(z,y) = (;Cg)‘; and % = Wﬁ are continuous.

2. Consider the following initial value problem for y(z):

A TETE

For which values of xq and vy are we guaranteed one and only one solution?
A. zp=p#band ygo=a #a
B. zp=band yp=a #a
C.zp=0F#band yp=a

ro=>band yg=a

ro=pFF#band yo=a

None of these

RN

Solution: The equation is of the form

y'=f(z,y)
with f(z,y) = m The initial value zo = § # b and yp = a # a is the only
one for which f(z,y) = ez and g—i = ——arGp? Are continuous.
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3. Select all sets of solutions that are linearly independent on the whole real axis
A. €%, e** ae® + be**,

sin (2x), cos (x) sin (z), z,

x, 22, ax? + ba,

r+1,z—-1,1,

e, e (BT

sin (2x), cos (2x), 1,

r+1, -1, 2%

1, ae®, +be*®

e*+1,e* -1,z

- T4 Q" E0aw

4. Assume that a linear homogeneous ODE for y(z) has one of the following characteristic
equation

(i) 73 —4r® +4r
(ii) r3 —2r?
(iii) 73 + 672 + 9r
(iv) r3 + 3r?

(v) 7+ 13 —6r?

In each case pare item (i)-(v) above with a solution below
A. c; + c9e®® + cyre?®

c1 + o + c3e*

c1 + o3 4 cqxe™

c1 + cox + c5e 3"

c1 + o + 3% 4 e

c1 + cox + c37?

1 62:1: + 026731

c1€%® + core?® + cge™7

— = Q= m YU aw

c1€%® + coe 3% 4 cgre 3

Solution:

5. Consider the following initial value problem for y(z):

Y 22+ 2cx + 2

2 / —
@ —larbe eyt @y =
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with y(xg) = 72. Assuming that @ < 0 < b < ¢, determine the interval in which we are
guaranteed one and only one solution:
ve ()

Solution: Dividing by (z*>— (a+b) z +ab) = (z—a)(z—b) and using x? —2cx+c? =
(z —c)?
'y YT B 2%+ 2cx + A
Y (x—a)(x—b)(a:—c)Qy_y2 (x —a)(x — b)a?’

For the uniqueness and existence theorem we need W and % to

be continuous so the interval must be

(i) (—o0,a)ifzg <a
a,0) if zy € (a,0)
0,b) if 2o € (0,b)

b,c) if zy € (b, )

o~ o~ o~ o~ o~

¢, +00) if zg > a

6. Determine the integrating factor for the following ODE for y(z):

22y’ + Azy = BaC, x>0

Solution: After dividing by 22 the equation becomes
A
y' + Ey = Bz%2.

The integrating factor is then

A
p = exp (/ ;daz) = AT — g4,

7. Consider the population model for P(t) described by the ODE:

dP
dt
with ¢ < 0 < a < b. Identify the correct equilibrium solutions and their stability

=y(P?> - (a +b)P + ab)(P* — 2c P + ¢
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if v > 0 P = ¢, semistable; P = a, stable; P = b, unstable
if v <0 P = ¢, semistable; P = a, unstable; P = b, stable
P = ¢, stable; P = a, unstable; P = b, stable

P = ¢, stable; P = a, stable; P = b, unstable

P =0, semistable; P = a, stable; P = b, unstable

P =0, semistable; P = a, unstable; P = b, stable

P = ¢, stable; P = 0, unstable; P = b, stable

P = ¢, stable; P = 0, stable; P = b, unstable

P = ¢, stable; P = a, unstable; P = 0, stable

P = ¢, unstable; P = a, stable; P = 0, unstable

None of these

Solution: The equation is of the form

dpP

= (P

with f(P) = y(P?— (a+b)P+ab)(P*—2c P +c*) = y(P —a)(P — b)(P — ¢)* whose
roots are P = ¢,0,a,b. If v > 0, then f(P) = v(P —a)(P — b)(P — ¢)? is positive on
(—o00,a) U (b,4+00) and negative in (a,b) and therefore solutions P(t) are increasing
before a and after b and decreasing in between (a,b) whence P = a, stable; P = b,
unstable. Since ¢ < 0 < a then f(P) is positive near P = ¢ and therefore P = ¢, is
semistable; When v < 0 the above analysis is flipped.

8. Consider the population model for P(t) described by the ODE:

dp :
= (P*+ (b—a)P® — ab P?)

with b > a > 0. Determine the value of the stable equilibrium solution P =. Determine
the value of the unstable equilibrium solution P =.

with f(P) = y(P*+ (b —

Solution: The equation is of the form

dP
= 1P

a)P? — abP?) = vP*(P — a)(P +b). When v > 0,
f(P) = vP%*(P — a)(P + b) is positive on (—o0,—b) U (a,+00) and negative in
(=b,a). Soif v > 0, P = —b is stabel and P = a is unstable. When v < 0 the above
analysis is flipped.
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9. Consider the following oscillator equation for z(¢) and the given initial conditions:

" +wiz=F f(wt), £(0) =0; 2/(0) =0

with w # wp and where either f = cos or f = sin. What is the long term behavior of
the solution?

A.

— & Q| E U aw

The solution will oscillate forever

The solution is 0 at all times

The solution will oscillates with amplitude growing to infinity
The solution will decay to 0

The solution will oscillates with amplitude decaying to 0
There is no solution

The solution will reach a finite asymptote

The solution will be lost in a forest

None of these

Solution: Since w # wy the general solution is z(t) = R cos(wot — 0) + Fy f(wt) and
since f(wt) is either cos(wt) or sin(wt), the claim follows.

10. Consider the following ODE’s for y(z)

(i) v —y —6y=—4e* +3e
(11 y//+3y/_4y:26—21_€—4m

(iii

(iv

)
)
)
)

y//_l_y/_6y262m+4e—2x
y”—2y’—8y:264“—462$,

(v) ¥y +2y —3y=2e"+e 1

If you were to use the method of variation of parameters, what would be the correct
particular solution to use?

A.

- o= =0Qv

u1(z) € + uy(z) e for item 1
u1(z) € + uz(z) e4* for item 2
u1(z) € + uy(x) e73* for item 3
up(7) e*® + uy(r) e7® for item 4
up(z) e® +u2(z) e 3 for item 5
Ae® + Be™®

Ae2 4 Bete

A 4 Be2
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At 1 B e
Ae*+ Be ™
Ae* + Bre ™
Ae ™ + Bre ™
Aze* + Be™
Aze' + Be*
Aze®+ Be™®

O ZE o & « —

Solution: Using the method of variation of parameters y, = u1y1+usys where y; and
1o are solutions to the the homogeneous equation. The characteristic polynomials of
the equations given are

11. Consider the following eigenvalue problem for y(x)

y"+ Ay =0,
with
y(0) —y'(0)=0,  y(L)=0, (A)
y(0)=0,  y(L)+y'(L) =0, (B)
y'(0)=0,  y(L)+y'(L)=0. (C
Which are the correct eigenvalues and corresponding eigenfunctions?
A. First choice of boundary conditions ), = a2, Yn () = ay, cos (ax)+
sin (a,z) where tan(La,) = —ay,
B. Second choice of boundary conditions)\, = o2, Yn(x) = sin (a,x),
where tan(L a,,) = —a,
C. Third choice of boundary conditions \, = o2, yn(z) = cos (anx),

where tan(La,) =1/a,
D. Av="55  yalw) = cos (=)

L
E. A\, = ”]2;752; Yn(x) = sin (%)

Page 6 of 8



Math 285 Differential Equations

Fall 2020

F. M\ = —(QH_g)QﬂQS Yn(z) = cos (—(Qn_Ll)”>

n— QWQ . n—1)mrx
G. A, ==y (2) = sin <%>

H. None of these

12. Calculate the coefficients of the Cosine Fourier Series expansion of f(z) = az for 0 <

T < L.
Solution:
9 L
ag = Z/o axdr = alL
2 [ -1
an = —/ ax cos <@> dx:2aLMW)2)
L J L ((nm)?)

13. Using separation of variables solve the following diffusion equation problem for wu(z,t)

where 0 <z < Landt >0

Up = K Ugyy forO<x <L, t>0,
uw(0,t) =0, u(L,t)=0, fort>0,

u(z,0) = ax.

Assume that the solution has the form
u(a,t) = ey To(t) Xo(2).
n=1

Calculate ¢, T,(t), and X,(x).

Solution:

X, (z) = sin (@) :

L
n2772;<,t
T.(t)=e |
2 b . /NTT
Cp = E/ ax sin <T) dx
0

L

_ _QaLco(s(mT) _ (_1)n+1a_.

nm) nm
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14. Consider the Laplace equation problem in the rectangle 0 <z < a and 0 <y < b:

Ugg + Uyy = 0,
u(0,y) = bey, u(a,y) = beg,
u(z,0) = bes, u(z,b) = bey.

Where be; means that the i-th condition is a function f(z) and everything else is 0. If
you were to solve this problem by separation of variables by writing u(z,y) = X (z)Y (y),
what would be the solutions for X,, and Y,,?

A.

B.

Q

‘*Hm@’ﬂmu

Correct in case bc; X, = —tanh( )cosh( ) + s1nh( ), Y, =
s (252

Correct in case bc, X,, = sinh (2£); Y, = sin (%)

Correct in case bez X, = sin (222); Y, = —tanh (%) cosh (") +
sinh (™12)

Correct in case bey X, = sin (22Z); Y, = sinh (")

None of these

There is no solution
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