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Topics and Objectives

Topics

We will cover these topics in this section.

1. The definition and computation of a determinant

2. The determinant of triangular matrices

Objectives

For the topics covered in this section, students are expected to be able to

do the following.

1. Compute determinants of n⇥ n matrices using a cofactor expansion.

2. Apply theorems to compute determinants of matrices that have

particular structures.
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A Definition of the Determinant

Suppose A is n⇥ n and has elements aij .

1. If n = 1, A = [a11], and has determinant detA = a11.

2. Inductive case: for n > 1,

detA = a11 detA11 � a12 detA12 + · · ·+ (�1)1+na1n detA1n

where Aij is the submatrix obtained by eliminating row i and
column j of A.

Example

A =

0

BBBB@

1

CCCCA
) A2,3 =

0

BB@

1

CCA
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Only for Square Matrices

nxn def using (n-1) x (N-) determinant
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Example 1

Compute det


a b
c d

�
.
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↓ f

def
=>
all def All - and det Ala

= a . det (d) 1 b . def[c]

= ad - bc
.

Real 14bit I-
-(A)

· (ab] invertible cad-bc +0

# det(A) o
.



Example 2

Compute det

2

4
1 �5 0
2 4 �1
0 2 0

3

5 =

������

1 �5 0
2 4 �1
0 2 0

������
.
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= all det All-AladetAia + dis det Als

=> 1 : det (4 + - ( -5) det
- 0 . det 12

= 1 . (4 . 0 - (1) ·2) - (- 5) . (2 . 0 - (H) - %)

+ 0 . (2 . 2 - 4 . 0)

= 2
.



Cofactors

Cofactors give us a more convenient notation for determinants.

The (i, j) cofactor of an n⇥ n matrix A is

Cij = (�1)i+j detAij

Definition: Cofactor

The pattern for the negative signs is

0

BBBBB@

+ � + � . . .
� + � + . . .
+ � + � . . .
� + � + . . .
.
.
.

.

.

.
.
.
.

.

.

.

1

CCCCCA
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It

detA = @l . (1) det All + diz Hdef A1
+ dis (det Ais

be #---
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+ Ain7det Ain
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u cofactors
=a + drp2 + --- + Din Pr
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.
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* matrix

& removing
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from A



The determinant of a matrix A can be computed down any

row or column of the matrix. For instance, down the jth

column, the determinant is

detA = a1jC1j + a2jC2j + · · ·+ anjCnj .

Theorem

This gives us a way to calculate determinants more e�ciently.
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det(A) f Cofactor Expansion along 1st now

=> G +&C + ---- Ain Cin

The Cofactor Expansion along ith now

= I jth column.

Example
det (A) = Az , Ki + Azz[z2 + --+ Azn Can

aloy 3rd now

=> 014(4 + 124(24 + -- + And Ent

along 4th col.



Example 3

Compute the determinant of

2

664

5 4 3 2
0 1 2 0
0 �1 1 0
0 1 1 3

3

775.
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= A

O

Y

det (A)=1 diy +

an a
u

&+ az1(3)

= 5 .a de])
= 5 . 3 . (7 . 1 - 2()) = 45 .



Triangular Matrices

If A is a triangular matrix then

detA = a11a22a33 · · · ann.

Theorem

Example 4

Compute the determinant of the matrix. Empty elements are zero.

2

666666664

2 1
2 1

2 1
2 1

2 1
2 1

2

3

777777775
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Example =>-
. det

= 1 . 2 . ()'* det (3*4)
= 1 . 2 : 3 . 4

.

O
d

g
= 27

A- > REF

&ARow Operate
det(A) = 1

or 0.



Computational E�ciency

Note that computation of a co-factor expansion for an N ⇥N matrix

requires roughly N ! multiplications.

A 10⇥ 10 matrix requires roughly 10! = 3.6 million multiplications

A 20⇥ 20 matrix requires 20! ⇡ 2.4⇥ 1018 multiplications

Co-factor expansions may not be practical, but determinants are still

useful.

We will explore other methods for computing determinants that are

more e�cient.

Determinants are very useful in multivariable calculus for solving

certain integration problems.

Section 3.1 Slide 10

In general A is 10x10

detA = Sum of 10 det o of 9x9

= 1009 many 8x8 def.

:
=> 10 . 9 . 8. -- -. 1 of 1x1 matrices



Section 3.2 : Properties of the Determinant

Chapter 3 : Determinants

Math 1554 Linear Algebra

“A problem isn’t finished just because you’ve found the right answer.”
- Yōko Ogawa

We have a method for computing determinants, but without some of the

strategies we explore in this section, the algorithm can be very ine�cient.
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Topics and Objectives

Topics

We will cover these topics in this section.

The relationships between row reductions, the invertibility of a

matrix, and determinants.

Objectives

For the topics covered in this section, students are expected to be able to

do the following.

1. Apply properties of determinants (related to row reductions,

transpose, and matrix products) to compute determinants.

2. Use determinants to determine whether a square matrix is invertible.
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Row Operations

We saw how determinants are di�cult or impossible to compute

with a cofactor expansion for large N .

Row operations give us a more e�cient way to compute

determinants.

Let A be a square matrix.

1. If a multiple of a row of A is added to another row to

produce B, then detB = detA.

2. If two rows are interchanged to produce B, then

detB = � detA.

3. If one row of A is multiplied by a scalar k to produce

B, then detB = k detA.

Theorem: Row Operations and the Determinant
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met(Schache
det

[-[]
def =5 det =5



Example 1 Compute

������

1 �4 2
�2 8 �9
�1 7 0

������
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= 15

I IlnR3- R3tRI->

R2z R3

-

det = 1 . 3 . (5) =
- /5

-

A -> -.. - > Triangula Mat .

det(A)= o -ondiagonal
X det = 0

when ?

have non-pivot column.

Firstin Every Glumn ) def + O

# A is invertible.



Invertibility

Important practical implication: If A is reduced to echelon form, by r
interchanges of rows and columns, then

|A| =
(
(�1)r ⇥ (product of pivots), when A is invertible

0, when A is singular.
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Recall remove ith now
,
jth col

* pan
,
Gij71h detA
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· det(A) = Pil(i1 + Anadiz + --- + din (in

= Alj(j + &zj(zj + ---

+ Anj(nj

Cofactor Exansion

· For a triangular A-
***

det(A) = ii = @da- An

& REF ) upper triangular (
A - "opera

en

swap flips the Sign

S replacement doesn't change def

scalar multiple on a row = scalar multiple
on def.



Example 2 Compute the determinant

��������

0 1 2 �1
2 5 �7 3
0 3 6 2

�2 �5 4 2

��������
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def (A) =

dat, I - I f)R4+ Rz+ R4

I 3 I⑧ 36 2

00 -3 5

↓ Cofactor expansion
2 - along1t co.

=
.

*

det]
2 R2+ Re - 3R /

& I
2 R2Ry

=

2 I
=

C
* triangular diagonals.



Properties of the Determinant

For any square matrices A and B, we can show the following.

1. detA = detAT
.

2. A is invertible if and only if detA 6= 0.

3. det(AB) = detA · detB.
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#esofactorfactorexplorksboth
nows , consist

defflo to t] = - det (oh]
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W

Note & det (AT .A) 0 for AERxn
-

11

def (AT) ·de A)

( det(A))2

det"A*

(

· In general
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det (AB) = def (BA)
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Additional Example (if time permits)

Use a determinant to find all values of � such that matrix C is not

invertible.

C =

0

@
5 0 0
0 0 1
1 1 0

1

A� �I3
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&
=

&
=>

- -A

-]I
C is Not Invertible (A -XI)

↳ de+ 4 = 07 C= has nontrivial
um

-

solutions

defb =x) ·71 det[)
All

= (5 -x))(-xy - 1)

=> (5-x)(X + )(X- 1) = 8

=> X = 5 o1o -1

=> A = x has centrivial solutions

when X =5
,

1
,
%

-

=> such that I,to
,

eigenea- eigenvectors



Additional Example (if time permits)

Determine the value of

detA = det

0

B@

0

@
0 2 0
1 1 2
1 1 3

1

A
8
1

CA .
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Ax =2

->

A = - X3

=

(d+(
= (2 .
(42)

1 . 3 -1 . 2 = 1

= 28.



Section 3.3 : Volume, Linear Transformations
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Topics and Objectives

Topics

We will cover these topics in this section.

1. Relationships between area, volume, determinants, and linear

transformations.

Objectives

For the topics covered in this section, students are expected to be able to

do the following.

1. Use determinants to compute the area of a parallelogram, or the

volume of a parallelepiped, possibly under a given linear

transformation.

Students are not expected to be familiar with Cramer’s rule.
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·
Geometric Meaning of Determinant



Determinants, Area and Volume

In R2
, determinants give us the area of a parallelogram.

area of parallelogram = det

✓
a c
b d

◆
= ad� bc.
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"Matrix as a collection of
Il

n column vectors.

"Signed Allgum"n = 2 Case.

1

↑1 1 volume.

-

L

let is a
function from

Su; Un -> Numbers
.



Determinants as Area, or Volume

The volume of the parallelpiped spanned by the columns of

an n⇥ n matrix A is |detA|.

Theorem

Key Geometric Fact (which works in any dimension). The area of

the parallelogram spanned by two vectors ~a,~b is equal to the area

spanned by ~a, c~a+~b, for any scalar c.
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A -xn => a collection of rectors (columns (

F
a parallopiped spanned by rectors

I def (A)) = vol) "(
In = collection of

standard rector

F



Example 1

Calculate the area of the parallelogram determined by the points

(�2,�2), (0, 3), (4,�1), (6, 4)
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(0 ,
3)

way
-> (4 .-1)

(-2 ,

-2) E

n = (i) -E = [i]
E = (3 - [i] = (5]
Area = 1 det [in] /

= (d+ (42]) = 16.5 - 2 . 1)

= 28
.



=

r ,/)
,

Area = /det [2 ,24/

N
R2

IR2
& TMx = BX

EA = [V W]-
New Area

= I det, Berl

=(det (B .A()

=(B) · (de+ (A))
-
old



Linear Transformations

If TA : Rn 7! Rn
, and S is some parallelogram in Rn

, then

volume (TA(S)) = |det(A)| · volume(S)

Theorem

An example that applies this theorem is given in this week’s worksheets.
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Q : Find b so that A is singular.

&

① Row Reduce - whether free var.

&ALTOSolve
on the

[
Row Operation,

(-
+2

def(AL = 1 .Hide+ (2 + (-3) det#

all
+2 . ) -1

+3

det(2)
-> (10 - (-6) + 3 . (35 - 3) + k(14 - (2)

= 16 + 96 + 16k = 0

1 + 6 + k = 0 k = - 7
-y

.
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& a
4 2 . 4

=80
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