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Conditional Expectation
✗

. Y discrete RVs with joint pmf play) .

If pycys >o ,

E- [ ✗ 14=43 = ¥ x.pt/--xlY--y)--EiXPaytxly)

= ⇒ ✗ .

PHY)

Pyey)
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Example ✗ ill ~ Bin (Mip ) Tndep .

E- [ ✗ 1×+4 --m] = ?

Let 2- = ✗+ Y ~ Bin ( 2n , p ) .

PC ✗ = j ,
Z =L ) = Pf✗=j , Y=k-j )

= Pl✗=j)P(Y=k-j)

= (F) pic ,- pti ( ang )

pk-ia-pi-kti-ln.lk?j)pkli-pi-kitjEk1PCz---k)--HlPlx--j,z--k
) = (%) pkctpi
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j=o

Paz ( ith ) =
(F) (Ij ) for j=o ,

.
. - ik
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( Fe )

: Hyper Geom ( 2h in ,
K)

⇒ E- [ ✗ / 2- =m] = Mz = Mz
.

Suppose ✗ . 4 are jointly continuous with f. keys .

If fyly) > o then

☒ [✗ lY=y] = IX. fxiytxly) DX .

Example fcx.gl = {
f- - e- ¥ - e-&

, osx.gs

0 ,
O.W.



fyly)= e-& - Ico,•,ly) ⇒ fxiylxly) = § e-% Hyo,•gtx ) .

i. e ✗ lY=y ~ Exp ( tg) .

Thus E- [✗ lY=y] =

y .

Conditional Expectation as a RV

Previous examples show that E- [ ✗ lY=y] is a function

of Y . That is
,

E-[ ✗ lY=y ] = : gcy)

If Y=y w/ some pro .b .

then E- [✗ lY=y] returns

a number in terms of y w/ the same pub .

Def E- [ ✗ 14] :=glY ) .

Conditioning ☒ [ ✗ ] = ☒ [ E- [ ✗ 14]]

Example Door2 : 5h

✗ = exit timee.
Y= twice of Door

Door 1 : 3h
> safety 1 with %

={ a "

3
is

Mine⑤
Door > : 7h

E- [ exit time ] = E[ E- [ ✗ 141]

☒ [ ✗ 14=1 ] =3 ,
E- [✗ 14=23 = FIX] +5

☒ [ ✗ 14=3 ] = E- [✗3+7

E- [ ✗] = f- ( 3 + EX +5 + E- ✗ + 7) = 3- E- ✗ +5

i. E- ✗ = 15 .



Note h : a function

E- [ ( ✗ - hey>5] 7 E- [ ( ✗ - E- ( ✗ 1475]

F. E- [ ✗ . hly ) / Y ) = hl 's ) - E- [✗ IY ]

E- [ huffy ] = hey )2

E- [ ( X - h (4)514 ] = F- [✗44] - 2h14 ) E- [✗ 143 -1 half

= F- [ ( ✗ - E- [✗ 1415147

+ E- [✗ 1472+4141
"

- 2h14) - E[✗ 14]

⇒ E- [ (✗ - half ] = E- [ (✗ - E[✗ 1435 )

1- E- [ ( ECXIY ] - hunt] . ]

How to interpret this ?
E- [✗ 14 ]

Y : given information ⇒ Knowledge from Y
→

= { hey ) : h is a function 4

Best possible estimate for ✗ given Y ?

Find h S.t. X - hey ) is as small as possible .

( E- ( ( ✗ - hey)5 ) )

⇒ the optimal h is hCYl= ECXIY)
.


