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Topics and Objectives

Topics

1. Symmetric matrices

2. Orthogonal diagonalization

Learning Objectives

1. Construct an orthogonal diagonalization of a symmetric matrix,

A = PDPT
.
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Symmetric Matrices

Matrix A is symmetric if AT = A.

Definition

Example. Which of the following matrices are symmetric? Symbols ⇤
and ? represent real numbers.

A = [⇤] B =


0 1
1 0

�
C =


4 0
0 0

�

D =


1 1
0 0

�
E =

2

4
4 2
0 0
0 0

3

5 F =

2

664

4 2 0 1
2 0 7 4
0 7 6 0
1 4 0 3

3

775
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should be square

-

= BT = CT

+ = (8) E
Examples A = puxn

· A + AT : Symm (A + AT(T = AT + A

· AT . A : Symm. LATAIT = AT. A
.



ATA is Symmetric

A very common example: For any matrix A with columns a1, . . . , an,

ATA =

2

6664

�� aT1 ��
�� aT2 ��
.
.
.

.

.

.
.
.
.

�� aTn ��

3

7775

2

4
| | · · · |
a1 a2 · · · an
| | · · · |

3

5

=

2

6664

aT1 a1 aT1 a2 · · · aT1 an
aT2 a1 aT2 a2 · · · aT2 an
.
.
.

.

.

.
. . .

.

.

.

aTna1 aTna2 · · · aTnan

3

7775

| {z }
Entries are the dot products of columns of A
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mX n

for AER
~

Recall matrix , multi
F

① now = uT . ~ - for real rectors

nor = UT , e

u= [i] u . u = T
. u = ( - i 1)]

= (i) . i + 1 . 1 = 2

② (Ax-y = (Ax)T - y = xT . (ATy)
= X - (ATy)



Symmetric Matrices and their Eigenspaces

A is a symmetric matrix, with eigenvectors ~v1 and ~v2 corresponding
to two distinct eigenvalues. Then ~v1 and ~v2 are orthogonal.

More generally, eigenspaces associated to distinct eigenvalues are

orthogonal subspaces.

Theorem

Proof:
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* vi = XIV, Xi +2

* v = Xzz

↓

(AM).=2)
11 II

Ve · (v) = In (a)

(-) · (v) = 0

↓ T
&



Example 1

Diagonalize A using an orthogonal matrix. Eigenvalues of A are given.

A =

0

@
0 0 1
0 1 0
1 0 0

1

A , � = �1, 1

Hint: Gram-Schmidt
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E
-

X = -1 : E = Nul(A + 1) = Nul I· J
= Nul %d I
E

x = 2 = E = Nul(A - 1) = Nu(% ]
F

= Nul (1
P n

Il=[i]=
A =])]XX



Spectral Theorem

Recall: If P is an orthogonal n⇥ n matrix, then P�1 = PT
, which

implies A = PDPT
is diagonalizable and symmetric.

An n⇥ n symmetric matrix A has the following properties.

1. All eigenvalues of A are real.

2. The dimenison of each eigenspace is full, that it’s

dimension is equal to it’s algebraic multiplicity.

3. The eigenspaces are mutually orthogonal.

4. A can be diagonalized: A = PDPT
, where D is diagonal

and P is orthogonal.

Theorem: Spectral Theorem

Proof (if time permits):
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P has orthnormal columns
, square

= PT. P = I

PT = p-

I real

-

Diagonalizable .

-
-

⑪ * v =I ,
x,

↑H . r
= Arer- EriT . ~
-

Il =T.(T r) = T . (πTv)
-( . r)

I

V.
-

O

(x-51 . (ot) = O

= v . (Qu) = x (r-r)

x = - EX : real
.



& E : eigenspace for x

If x = Et tem Ax = Et

SWhy ? Let y
-> E then Ay = xy

0 = x(X - y) = X -(xy) = X . Ay
= Axe

y = AxtE+

1
11/13/24

Spectral Theorem

A : nxn real symm .

(i) Every eigenvalue is me.

(ii) A is orthogonally diagonalizable.

A = p . D . pT = (p/0↑

orthogonal matrix
nxn

=X e
R

+ X2 -2 - 25 + -. - + xn- Un-m

& Spectral Decomposition)

Vi · u ① uxn
, symmetric) (2.T = Cut t

= vi- (
② Rank (iv.T = 1

(1123) = (2)



③ (v.r) -

y
= v (y) = (yori) V:

nXn

= proje,Y)



Spectral Decomposition of a Matrix

Suppose A can be orthogonally diagonalized as

A = PDPT =
⇥
~u1 · · · ~un

⇤
2

64
�1 · · · 0
...

. . .
...

0 · · · �n

3

75

2

64
~uT
1
...
~uT
n

3

75

Then A has the decomposition

A = �1~u1~u
T
1 + · · ·+ �n~un~u

T
n =

nX

i=1

�i~ui~u
T
i

Spectral Decomposition

Each term in the sum, �i~ui~uT
i , is an n⇥ n matrix with rank 1.
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Example 2

Construct a spectral decomposition for A whose orthogonal
diagonalization is given.

A =

✓
3 1
1 3

◆
= PDPT

=

✓
1/

p
2 �1/

p
2

1/
p
2 1/

p
2

◆✓
4 0
0 2

◆✓
1/

p
2 1/

p
2

�1/
p
2 1/

p
2

◆
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Topics and Objectives

Topics

1. Quadratic forms

2. Change of variables

3. Principle axes theorem

4. Classifying quadratic forms

Learning Objectives

1. Characterize and classify quadratic forms using eigenvalues and

eigenvectors.

2. Express quadratic forms in the form Q(~x) = ~xTA~x.

3. Apply the principle axes theorem to express quadratic forms with no

cross-product terms.

Motivating Question Does this inequality hold for all x, y?

x2 � 6xy + 9y2 � 0
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Quadratic Forms

A quadratic form is a function Q : Rn ! R, given by

Q(~x) = ~xTA~x =
⇥
x1 x2 · · · xn

⇤

2

6664

a11 a12 · · · a1n
a12 a22 · · · a2n
.
.
.

.

.

.
. . .

.

.

.

a1n a2n · · · ann

3

7775

2

664

x1

x2

· · ·
xn

3

775

Matrix A is n⇥ n and symmetric.

Definition

In the above, ~x is a vector of variables.
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Example 1

Compute the quadratic form ~xTA~x for the matrices below.

A =


4 0
0 3

�
, B =


4 1
1 �3

�
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(=x +3xi0

QB(x) = [x , xi)(4 - b]()
= (4x , + x 2X1 -3x](

*

x]
= (4X , + xc)X) + (x, - 3xa) -X-

= 4X+ Xi . xz + Xi . xz - 3x2
= 4x + 2xix - 3x2



Example 1 - Surface Plots

The surfaces for Example 1 are shown below.

�4 �2 0 2 4 �5

0

5
0

100

x1

x2

�4 �2 0 2 4 �5

0

5

�100

0

100

x1

x2

Students are not expected to be able to sketch quadratic surfaces, but it

is helpful to see what they look like.
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y= kx= + 3x y = 4x + 2x, xz
-3X2



Example 2

Write Q in the form ~xTA~x for ~x 2 R3
.

Q(x) = 5x2
1 � x2

2 + 3x2
3 + 6x1x3 � 12x2x3
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+ 0 . xixu

( , x x
In general,

(x , x -. . - x)(anama
-

j
= dijxi, a



Change of Variable

If ~x is a variable vector in Rn
, then a change of variable can be

represented as

~x = P~y, or ~y = P�1~x

With this change of variable, the quadratic form ~xTA~x becomes:
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Ex

XXIXy+ 1x X
=

IX) + Ex

Y " y) = X - 3xi

(2 -> ( ,]
Yz = 0 .X,

+ 1X2

li] = 16](*)

Q = v. A . X=D . D.Y

"yT
yT= (PT. x)T = yT . D . Y
= . P = x ,y + x2y2 +... + xn-ya



Example 3

Make a change of variable ~x = P~y that transforms Q = ~xTA~x so that it

does not have cross terms. The orthogonal decomposition of A is given.

A =

✓
3 2
2 6

◆
= PDPT

P =
1p
5

✓
2 1
�1 2

◆

D =

✓
2 0
0 7

◆
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y = PT . X

(= ]] Mil
& (x) = 3xi + 4X, X + 6x

= yT . D .

Y

= 2 y + Ty
= 2 .( =(2x ,

- xz))
=

+ T .( (x, +2xz)2



Geometry

Suppose Q(~x) = ~xTA~x, where A 2 Rn⇥n
is symmetric. Then the set of

~x that satisfies

C = ~xTA~x

defines a curve or surface in Rn
.
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z
Z

-

#
z = kXi + 2x -> X2

Y
XI

& V
,

· - -

,
Unl : ONB forTh

# 14 x5+ (20xF

+...I1CT . x112

PT . X

-[x-



Principle Axes Theorem

If A is a matrix then there exists an

orthogonal change of variable ~x = P~y that transforms ~xTA~x to

~xTD~x with no cross-product terms.

Theorem

Proof (if time permits):
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N

Reall &( = Xt A . X = dijxix;
↑ real nxn symm. t

= xT .)]· D . PT) x = x P) . D . (PTX)

NX27, - - - - > Xn = yT . D .

y
yT

=

2
= xy, + x2y2 +... + Xnyz
= x (Vox + x2(20x + ... +in(nox)

nxu real symm.

D
y y

(wy
= pT. x



Example 5

Compute the quadratic form Q = ~xTA~x for A =

✓
5 2
2 8

◆
, and find a

change of variable that removes the cross-product term. A sketch of Q is

below.

x1

x2 semi-minor axis

semi-major axis

Section 7.2 Slide 18

Y10 = 2x1-X2 o

⒔
Xz= 2 .

x)

↑
* 4y5 + 9y2 = 36

--
3

Y
Eigenvalue i Det (A - xI) = x2 - 13x + 36 = 0

=

(a-q)(-4)
=

X = 4 : NulDA-D21 =

Nul) 2)
=Nul)

u = ( -]
* 9 : Nul (A-92) = Nul (-) =Nul)
un

r= /2]



Classifying Quadratic Forms

5

10

Q = x21 + x22
Q = �x21 � x22

A quadratic form Q is

1. positive definite if for all ~x 6= ~0.

2. negative definite if for all ~x 6= ~0.

3. positive semidefinite if for all ~x.

4. negative semidefinite if for all ~x.

5. indefinite if

Definition
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Q() = 4 . y + 9 . y2 = 4 . /vox5 + 9(ox)

:ris(x - x2) + 9((x1+2x)

(Q(X) =- if x=0
Q(x) > 0

Q(x) < 0 AW =

0 ifx=0)

Q(x) 0

Q(x)X0

there exist X
,, X2 such that

&(0 ,
&(x2) < 0



Quadratic Forms and Eigenvalues

If A is a matrix with eigenvalues �i,

then Q = ~xTA~x is

1. positive definite i↵ �i

2. negative definite i↵ �i

3. indefinite i↵ �i

Theorem

Proof (if time permits):

Section 7.2 Slide 20

nxn real symm .

- O for all i = 1
,

2; n

-O I/

so Xj < o for Some i
,j -

=>



Example 6

We can now return to our motivating question (from first slide): does

this inequality hold for all x, y?

x2 � 6xy + 9y2 � 0
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& (x) =

-

A =1 I

Xi Det (A -X1) = X - 10X + 0 = 0

X =
0 , 100

& isPositive Semi definite

QW) 30
·
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Chapter 7: Orthogonality and Least Squares

Math 1554 Linear Algebra

Section 7.3 Slide 22



Topics and Objectives

Topics

1. Constrained optimization as an eigenvalue problem

2. Distance and orthogonality constraints

Learning Objectives

1. Apply eigenvalues and eigenvectors to solve optimization problems

that are subject to distance and orthogonality constraints.
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Example 1

The surface of a unit sphere in R3
is

given by

1 = x2
1 + x2

2 + x2
3 = ||~x||2

Q is a quantity we want to optimize

Q(~x) = 9x2
1 + 4x2

2 + 3x2
3

Find the largest and smallest values of Q on the surface of the sphere.
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-

3(x,+ xi+x)xQ(x)(9 . (xy + xy + xs)

35QW 9
↑

max ?

a() = 9 i6x = =(b)
④(x) = 3 if x=(0]



A Constrained Optimization Problem

Suppose we wish to find the maximum or minimum values of

Q(~x) = ~xTA~x

subject to

||~x|| = 1

That is, we want to find

m = min{Q(~x) : ||~x|| = 1}
M = max{Q(~x) : ||~x|| = 1}

This is an example of a constrained optimization problem. Note that

we may also want to know where these extreme values are obtained.

Section 7.3 Slide 25



Constrained Optimization and Eigenvalues

If Q = ~xTA~x, A is a real n⇥ n symmetric matrix, with eigenvalues

�1 � �2 . . . � �n

and associated normalized eigenvectors

~u1, ~u2, . . . , ~un

Then, subject to the constraint ||~x|| = 1,
the maximum value of Q(~x) = �1, attained at ~x = ± ~u1.

the minimum value of Q(~x) = �n, attained at ~x = ± ~un.

Theorem

Proof:
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Example 2

Calculate the maximum and minimum values of Q(~x) = ~xTA~x, ~x 2 R3
,

subject to ||~x|| = 1, and identify points where these values are obtained.

Q(~x) = x2
1 + 2x2x3
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11/18/24

& (x) = XT . A . X max/min of Q under IXI = 1
.

= XT . P . D . PTX

= (PTXT . D . (PTX) = Xy + Xey + -- + Xyn
- Y

= x1 (V .x + X 2 (Fox+...+

(V -xi + (- x) + -. + (n -x) = 1x1 = 1
In (Unox[

&
~

A = 100
Det (A =XI) = Det /1x y d

= (l -x))X - 1) = (1- x)(x+1)(x - 1)

X = 1
,
-

,
1

O

x = 1 : Nul(A - 2) = Null I
v = ( ,

2 = i)
x = -1 Nul(A + 1) =

M))2007)



3= /
G(x) = 1 · (v ,

0x3 + 1 . (20xF + () (x
=

1(XP = (vi · x( +( x) + (NexF = 1

Ma : Q(x1 = 1 When X :V = 0

Min : Q(x) = - 1 when

X

2
E

7

min↳ Max

X = 11 = Vz

&

leOi
&



Example 2

The image below is the unit sphere whose surface is colored according to

the quadratic from the previous example. Notice the agreement between

our solution and the image.
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An Orthogonality Constraint

Suppose Q = ~xTA~x, A is a real n ⇥ n symmetric matrix, with

eigenvalues

�1 � �2 . . . � �n

and associated eigenvectors

~u1, ~u2, . . . , ~un

Subject to the constraints ||~x|| = 1 and ~x · ~u1 = 0,
The maximum value of Q(~x) = �2, attained at ~x = ~u⇤.

The minimum value of Q(~x) = �n, attained at ~x = ~un.

Note that �2 is the second largest eigenvalue of A.

Theorem
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·2.

max xA .X = the largest eigenvalue11 XII = 1

max xT.A . X = 2nd largest eigenvalve.
(x()= /

(x
. n = d



Example 3

Calculate the maximum value of Q(~x) = ~xTA~x, ~x 2 R3
, subject to

||~x|| = 1 and to ~x · ~u1 = 0, and identify a point where this maximum is

obtained.

Q(~x) = x2
1 + 2x2x3, ~u1 =

0

@
1
0
0

1

A
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= v

X : 1
,

1
,
-

r=fo]
Q(x1 = 1 . (Gox) + 1 .nox + (1) · (5 · x*

(rx + (2x) + 150 XE = 1x1=

E
( · x) = 0

Max :&(x) = 1 when
second largest -> X =

E ,
-2

eigenvalue .

Min : &(X) = -I when
X = Ev



Example 4 (if time permits)

Calculate the maximum value of Q(~x) = ~xTA~x, ~x 2 R3
, subject to

||~x|| = 5, and identify a point where this maximum is obtained.

Q(~x) = x2
1 + 2x2x3
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Q =

X
T

. A . X

= X , (V .x +....

(20x1+ - - =

11x1 =

25



Section 7.4 : The Singular Value Decomposition
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Topics and Objectives

Topics

1. The Singular Value Decomposition (SVD) and some of its

applications.

Learning Objectives

1. Compute the SVD for a rectangular matrix.

2. Apply the SVD to

I estimate the rank and condition number of a matrix,

I construct a basis for the four fundamental spaces of a matrix, and

I construct a spectral decomposition of a matrix.
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Rall (Spectral Decomposition (

A : nxn real symm.

=> (i) eigenvalues are

(ii) Diagonalizable A = P . D . PT

(iii) A = X . W .T + X2EET + --- + XnUit

why (ii) => (iii) :

From (ii) & V , --

, Unl : ONB
, eigenvectors

P = (v , ... ] ,

PT . p = I=
T

*I = # ( . uT + 2 .2 +... + min)
A = (Ar . uT + (ArtuT + --- + (AU)- unT

=> N2T · UT + X222ET + ---- AnitEnt
.

#: man real
,

p .

S
.

d.

=> AT. A : nxn real symm.lositive definite
a(x) = (xT - AT)A - x = (Ax(T - Ax = 1Ax/30

eigenvalues for AT. A

= X xXy = - xXr > XrH = Xr+2
=.. = Xn = 0

E SV ,
V , :, Un] ONB for RV

eiganector um =

for AT .A V .WT + ... +
UnUT = In

=> A = AnrT +- .. - Ar-UnT



① N . A-
= X = 0 = AA(y = -- - =AAr

At . A UK = o for k= H
, - .., n

.

Q(UK) =UIA
Mu= Nul (AT .A)

. A-
,

=> A = Am . uT +... + Arc . IT

what is w ? r = Rank (A)

5 U
,

"

,
Unl : basis

& AY-- , Arr]

↓ Ax E orthyonal basis for CLA)

SAM
,
At : - Ar ,

0
,

--

-, 01

#orthogonalE in indep

(Avi) · (A) = (Ari(T . (Ay)
= ter;
- (j) = x;(v:V))

If itj Ari Au
,

= o

orthenormal
E#An,Ar- oh basa

for Col(A)
"



llAv = rT
.
T = X , Fr

Def = Ki : the singular value for A.

↳
r Nutr

*Ar ·Tr-T+...Are urT

-

Di : 11 .T +E + --- +Furt

: Singular value decomposition .

& M
,
22

,

:"

,
Unl : ONB for Rh

52 : --

,
Wh : ONB for

CRMEls
,
U2

,
·-- Urb : ONB So ColCA)

& Ur
,

Uraz,
-

,
Un] : ONB for Nul (A)

GUra
,
Urez

,

" "

, Un ONB fo CollAlt
Il

Y X? m ? Nul(AT)

FromSchmidt
is

=>

A = (m.un]] F



= U .. VT

U : mym orthogonal matrix
V - nxn 1

Col(Al = Span & A.el ,
Aer , --

, Ann
92,-Ony

= Spand Art ,
Ar , --

, Amal

= Spar SAG ,LAr---Aur]
-orthonormal

&

Al , = GAu + CA +... + can



Example 1

The linear transform whose standard matrix is

A =
1p
2

✓
1 �1
1 1

◆✓
2
p
2 0

0
p
2

◆
=

✓
2 �1
2 1

◆

maps the unit circle in R2
to an ellipse, as shown below. Identify the unit

vector ~x in which ||A~x|| is maximized and compute this length.

x1

x2

multiply by A
x1

x2
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Example 1 - Solution
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Singular Values

The matrix ATA is always symmetric, with non-negative eigenvalues

�1 � �2 � · · · � �n � 0. Let {~v1, . . . ,~vn} be the associated orthonormal

eigenvectors. Then

kA~vjk2 =

If the A has rank r, then {A~v1, . . . , A~vr} is an orthogonal basis for ColA:

For 1  j < k  r:

(A~vj)
TA~vk =

Definition: �1 =
p
�1 � �2 =

p
�2 · · · � �n =

p
�n are the singular

values of A.
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Positive semidefinite
.

-

Xj
um

-
-

00 O

j =k

&
↑

-

-

Try =.- . = On = o



The SVD

A m ⇥ n matrix with rank r and non-zero singular values �1 �
�2 � · · · � �r has a decomposition U⌃V T

where

⌃ =


D 0
0 0

�

m⇥n

=

2

6666664

�1 0 . . . 0

0 �2 . . .
.
.
. 0

.

.

.
.
.
.

. . .

0 0 . . . �r

0 0

3

7777775

U is a m ⇥ m orthogonal matrix, and V is a n ⇥ n orthogonal

matrix.

Theorem: Singular Value Decomposition
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Algorithm to find the SVD of A

Suppose A is m⇥ n and has rank r  n.

1. Compute the squared singular values of ATA, �2
i , and construct ⌃.

2. Compute the unit singular vectors of ATA, ~vi, use them to form V .

3. Compute an orthonormal basis for ColA using

~ui =
1

�i
A~vi, i = 1, 2, . . . r

Extend the set {~ui} to form an orthonomal basis for Rm
, use the

basis for form U .
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11/22/24

Singular Value Decomposition.

A : mxn real

#A : nxn real symm . positive semidefinite.

*> X2 . - - Xr > XrH = --- = Xn = 0

Gui
,
V

,

".

,
Unl eigenvectors for ATA

,

ONB for RV

Nul(A) = Nul(ATA) - AUK=O for k =+j im

UI Ur

* =ultr
Ti = Ki : the singular value for A .

=> T U .. 2 + -. + To UNET.

&U , ,

. -

-, url : ONB for Cl(A)

& UrH
,

----

,
Um " ONB for Col(A)

+

& Vra
,

---

- Unl " ONB for Nul(A) = Nul (AT.A)

SV, . .

-, Urb : ONB for Nul(x)
+

- Col (AT)
mxm nXn

A = U . S . VT
= Row (A)

II
MXM I mxn

(n ,
,

. - -

,
um] / (Vi · En]
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Example 2: Write down the singular value decomposition for

2

664

2 0
0 �3
0 0
0 0

3

775 =
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= G]
# A = (2007) = ()
X = 9X2 = 4

u = (i) = = [b]
u = I . A -r = += ONB So

u= () = 1)
Sus

,
Uph : ONB for CollA)Y = NulCAT)

( )
= Nul 1410

↑ T



Example 3: Construct the singular value decomposition of

A =

2

4
1 �1
�2 2
2 �2

3

5.

(It has rank 1.)
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=

No . u .. u,
T

↑
* - 18X + 0 = 0 XF18x = 0

= X(X - 18)

(w = 1 = Rank(A) = Rank (ATA) (

Nul(A-18I) = Nul[99] = Nul(66]
v= (_i)

Nul (A-ol) = Null y = Nul(65]
v= [i]
u= Au = H)
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- (2) = -
SUc , Ugh : ONB for Cl(A)

+
= Nul (A)

= Mull
-

2
- 2

= M2x2 - 2X3

( * ) = [x I Basis ,

x-
- 2

= x(4] +x(i]
Ty Tyz

·
-(

n2= (2) u=[i]



Applications of the SVD

The SVD has been applied to many modern applications in CS,

engineering, and mathematics (our textbook mentions the first four).

Estimating the rank and condition number of a matrix

Constructing bases for the four fundamental spaces

Computing the pseudoinverse of a matrix

Linear least squares problems

Non-linear least-squares

https://en.wikipedia.org/wiki/Non-linear least squares

Machine learning and data mining

https://en.wikipedia.org/wiki/K-SVD

Facial recognition

https://en.wikipedia.org/wiki/Eigenface

Principle component analysis

https://en.wikipedia.org/wiki/Principal component analysis

Image compression

Students are expected to be familiar with the 1
st

two items in the list.
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The Condition Number of a Matrix

If A is an invertible n⇥ n matrix, the ratio

�1

�n

is the condition number of A.

Note that:

The condition number of a matrix describes the sensitivity of a

solution to A~x = ~b is to errors in A.

We could define the condition number for a rectangular matrix, but

that would go beyond the scope of this course.
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=> Rank (Al = n

O 4 = (42...



Example 4

For A = U⌃V ⇤
, determine the rank of A, and orthonormal bases for

NullA and (ColA)?.
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vT=T

T

↓

GICH) -
Col(A) Rank (A) = 3 =Rank (AT . A)

GONB
So

NulCAlt

T

& ONB for Nul (A)



Example 4 - Solution
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The Four Fundamental Spaces

1. A~vs = �s~us.

2. ~v1, . . . ,~vr is an orthonormal basis for RowA.

3. ~u1, . . . , ~ur is an orthonormal basis for ColA.

4. ~vr+1, . . . ,~vn is an orthonormal basis for NullA.

5. ~ur+1, . . . , ~un is an orthonormal basis for NullAT
.
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The Spectral Decomposition of a Matrix

The SVD can also be used to construct the spectral decomposition for

any matrix with rank r

A =
rX

s=1

�s~us~v
T
s ,

where ~us,~vs are the sth columns of U and V respectively.

For the case when A = AT
, we obtain the same spectral decomposition

that we encountered in Section 7.2.
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