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Topics and Objectives

Topics
1. Symmetric matrices

2. Orthogonal diagonalization

Learning Objectives

1. Construct an orthogonal diagonalization of a symmetric matrix,
A=PDPT,
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Symmetric Matrices
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Definition 7
[—Matrix A is symmetric if AT = A. ]

Example. Which of the following matrices are symmetric? Symbols x
and x represent real numbers.
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Symmetric Matrices and their Eigenspaces

—

Theorem

\

A is a symmetric matrix, with eigenvectors 1 and v5 corresponding
to two distinct eigenvalues. Then ¥; and v are orthogonal.

More generally, eigenspaces associated to distinct eigenvalues are
orthogonal subspaces.

Proof: AUy = A XX A
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Example 1

@A using an orthogonal matrix. Eigenvalues of A are given.

Hint: Gram-Schmidt

|
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Spectral Theorem

Recall: If P is an orthogonal n x n matrix, then P~1 = PT which
implies A = PDPT is diagonalizable and symmetric.

~— Theorem: Spectral Theorem

P |
An n x n symmetric matrix A has the following properties.

1. All eigenvalues of A are real.

2. The dimenison of each eigenspace is full, that it's
dimension is equal to it's algebraic multiplicity. DTOﬁ"Y\A Trobie |

3. The eigenspaces are mutually @

4. A can be diagonalized: A = PDPT, where D is diagonal
and P is orthogonal. -

\ v

Proof (if time permits):

@ Av =2v , AeC ,vec“@

Ty v
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Spectral Decomposition of a Matrix

~— Spectral Decomposition

Suppose A can be orthogonally diagonalized as
N cos (@ it
A=PDP" =1uy - @) |: - _
0 - Ao |@f
Then A has the decomposition
A=MNGar + - 4 M, a@t ZA e

T

/L Y

Each term in the sum, \;4;4; , is an n X n matrix with rank 1.
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Example 2

Construct a spectral decomposition for A whose orthogonal
diagonalization is given.

A= — PppPT

1/ 1/f
/\f 1/\f
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Topics and Objectives

Topics
1. Quadratic forms
2. Change of variables
3. Principle axes theorem

4. Classifying quadratic forms

Learning Objectives

1. Characterize and classify quadratic forms using eigenvalues and
eigenvectors.

2. Express quadratic forms in the form Q(Z) = 1 A7

3. Apply the principle axes theorem to express quadratic forms with no
cross-product terms.

Motivating Question Does this inequality hold for all x, y?

z? — 6y + 9y2@
L/‘\/R/\__

(X =3y )

T
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Quadratic Forms

—

Definition

\

A quadratic form is a function ) : R™ — R, given by

Q) =FTAT = [v1 x2 -+ xp]

Matrix A is n X n and symmetric.

aii
a2

| A1n

ai2
as2

aon

A1n
aan

Z1
2

In t
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Example 1

Compute the quadratic form &7 AZ for the matrices below.
4 0 4 1
S R Y

cx wa [ 5L

2

(I

By 0

= (4% 3% {K‘] _ x> ya3x 5 O

X2

Qe G = [ %, %] [T _(] @ﬂ]

= [ 4dx £ X -3%] K‘ |

=(4xcex) X O —3xD X
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Example 1 - Surface Plots

The surfaces for Example 1 are shown below.

100

47,

I 147

i) g
/74 .!,77,?//

100 |

aé': AXT 4 3xg
Students are not expected to be able to sketch quadratic surfaces, but it
is helpful to see what they look like.
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Example 2

Write Q in the form 7 AZ for ¥ € R3.

Q(r) =

[X( XL - S(h] :
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Change of Variable

If £ is a variable vector in R™, then a change of variable can be

represented as

f=Py, or y=P &

With this change of variable, the quadratic form 7 AZ becomes:

E P S
—é X( — éX('XZ_ + :LO-X).

2z >
/M*XL

= ([x( O \_X\_:f

N
\/] Vs >/( = X — 3%,

(Y(] ; [Y{} Yo = 0X Ky
Xo 18 Y =39 X

eion 72 Side 1 (ﬁj ) [6 ‘} [xj
AN= x- A x = @ D ~@5—

-
Y= (P75 -y Dy
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Example 3

Make a change of variable # = Py that transforms Q = 7 A% so that it
does not have cross terms. The orthogonal decomposition of A is given.

(3 2\ T
A—(2 6)—PDP

P:%(zl é)
o-(39) ()T
Q <) = 3xi ot & XX o+ bx
- "Dy
2y 4 Ty
2 {-_é(?—x[-xﬁyq + 7 (gl 25)

(

(1

Section 7.2 Slide 15

|



Geometry

Suppose Q(Z) = ¥T AZ, where A € R™*" is symmetric. Then the set of
Z that satisfies

> @ =77 Az 5
defines a curve or surface in R".
I
(.
X4
’{U_[ /"‘,VU:\\I - QMB éﬁ\/ ‘QY\
Noﬁe (\ﬂnx)l—@» ('LE~9<)L+--« F@?-xii = |((X((D_
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Recall

A——

T reol
xT-(P-D-PTY x = ¢

\_’-\P: N g_]z +7\)_gj+‘“+ %ng

- P oy
.. NG eox) + A (Tn-x) + &\ (Thn- )
Principle Axes Theorem - ’

~— Theorem

Q&Y = K- A -

n
Zlag Xy K s

J

Symm .

~T\
x-P) - D- (P'x)

_— -

2.
n

If Aisa nxn  red

Q\/W\W\-

(

matrix then there exi

an
orthogonal change of variable ¥ = Py that transformo
g_’TDaT: with no cross-product terms.

Proof (if time permits):
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Example 5
Compute the quadratic form Q = #T A% for A = g ; , and find a
change of variable that removes the cross-product term. A sketch of () is
below. yg—e N N
mi-minor axis
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— Definition

A quadratic form Q is ( QAU == & x==)
1. positive definite if Q) > o  for all Z #£ 0.

negative definite if Q(x) < o for all Z # 0. (QW[== dx=~

positive semidefinite if _Q(x)\ > o for all 7.

negative semidefinite if _ (x) £ o for all Z.
indefinite if _ fhece  oxmh X1 Xa such | Hwb

\ S

CEEE

Section 7.2 Slide 19 @(Xl\ > 0O / Q ()(D_) <{ o



Quadratic Forms and Eigenvalues

—

Theorem

If Aisa pxa ool

then Q = 2T AZ is

Symm . matrix with eigenvalues \;,

1. positive definite iff \;, 7 O rCN aQL a = N
2. negative definite iff \; < O %
3. indefinite iff \; » o >\J < o Cor Some, ?/:J

Proof (if time permits):
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Example 6

We can now return to our motivating question (from first slide): does
this inequality hold for all x, y?

Qe = z? — 6zy + 9y* > 0

- -
e
P

N De#(/%—ki\:% — loAN + O

N= ©9/10 Z O

Q Postfive  Som dbmie

0 Zzo
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Topics and Objectives

Topics
1. Constrained optimization as an eigenvalue problem

2. Distance and orthogonality constraints

Learning Objectives

1. Apply eigenvalues and eigenvectors to solve optimization problems
that are subject to distance and orthogonality constraints.
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Example 1

The surface of a unit sphere in R3 is
given by

1 =a7 + 25 + 23 = ||Z]? o

() is a quantity we want to optimize

Q(Z) = 927 + 423 + 323

Find the largest and smallest values of () on the surface of the sphere.

3(xexrma)S QL € 9 (x/ x. £57)

3 ¢ Q¢ 9
Q

‘ |
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A Constrained Optimization Problem

Suppose we wish to find the maximum or minimum values of
QX)) =zT Az

subject to

That is, we want to find

m = min{Q(7) : ||7]| = 1}
M = max{Q(Z) : [|Z]| = 1}

This is an example of a constrained optimization problem. Note that
we may also want to know where these extreme values are obtained.
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Constrained Optimization and Eigenvalues

—

Theorem

If Q =T AZ, Ais a real n x n symmetric matrix, with eigenvalues
A1 > Ao > Ay

and associated normalized eigenvectors

—

UL, U2y ..., Unp

Then, subject to the constraint ||Z]| = 1,
o the maximum value of Q(&) = A\, attained at ¥ = + u;.

o the minimum value of Q(¥) = \,, attained at & = + u,,.

Proof:

Section 7.3
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Q ) = )(T' A - X W o /wTv\ A Q wadea hxu =1 .
= <7 .P.D.P'x
= (P%Y) - D- (P"x)

\\d_

a2 2 2
(Vi-x) & (%) 4+ (Th-x) =

M

o,
AL Ayl e A

(\4,(\1‘1 ‘X) + A UR (KSL“' -+

)N

Ao ()
[ = ¢
Example 2
Calculate um and minimum values of Q(%) = #T AZ, ¥ € R3,
subject and identify points where these values are obtained.
ZE) 2372:E3
_ | © o
o o |
o | d

)

==X N =) = =2 Q=0

5 o o
A:lﬁ Nw( (A_‘1>: NU“K (D — | []

Det (A -XT) = Def [[j‘ °/\ T (et [
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Qo= 4 (v -0y + j-(max§+(~\5(ﬂg»>%~

= Qe o)+ -y + ey = |

Max 3 Qxy= 1 uhn  XeUz = O




Example 2

The image below is the unit sphere whose surface is colored according to
the quadratic from the previous example. Notice the agreement between
our solution and the image.

2

1.
1

0.5
> 0] | 0

-0.5
1

1)

-1 \/-1
0 0 )
1 1
X2 X1
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An Orthogonality Constraint

~— Theorem \

Suppose Q = ZTAZ, A is a real n X n symmetric matrix, with
eigenvalues
AL > Ay .. >N,

and associated eigenvectors
Up, U2, ..., Un

Subject to the constraints ||Z]| = 1 and & - u; = 0,
e The maximum value of Q(Z) = )Xo, attained at & = @, o .

e The minimum value of Q(Z) = \,, attained at & = .

Note that A5 is the second largest eigenvalue of A.
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Example 3

Calculate the maximum value of Q(Z) = FT AZ, ¥ € R3, subject to
|Z|]| =1 and to & - @, = 0, and identify a point where this maximum is

obtained.
1
Q(f):$%+2$2$3, 61: 0 :‘Iﬂ
0
) R S
‘ 0 //1& | 0 //fu'é
= Ll = |
| [2] ﬁ{(J &L
- N (G- %Y
ALy = A (o) 4 1-(Ta-x) + G-
I~ 2 D
Y( (% eoxy + (Varsd 4 (my-) = (=)
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Example 4 (if time permits)

Calculate the maximum value of Q(%) = £ AZ, T € R3, subject to
||| = 5, and identify a point where this maximum is obtained.

Q(%) = 27 + 2x013

Q= o« A -x

A (\R'(Xf_ +~ - -

il

= 2N
. —
(Viex) + --- ol

J
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Section 7.4 : The Singular Value Decomposition
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Topics and Objectives

Topics

1. The Singular Value Decomposition (SVD) and some of its
applications.

Learning Objectives

1. Compute the SVD for a rectangular matrix.
2. Apply the SVD to

» estimate the rank and condition number of a matrix,
» construct a basis for the four fundamental spaces of a matrix, and
» construct a spectral decomposition of a matrix.
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Example 1

The linear transform whose standard matrix is

)0 v

A= —

(

2 —1
2 1

maps the unit circle in R? to an ellipse, as shown below. Identify the unit
vector & in which ||AZ|| is maximized and compute this length.

2

~
\
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Example 1 - Solution
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Singular Values
?sﬁ‘l‘TU\‘L sen dotindH _

The matrix AT A is always symmetric, with non-negative eigenvalues

A > X > >\, >0. Let {#1,...,U,} be the associated orthonormal
eigenvectors. Then —
S 12
|Av; (|7 = 7\J‘
A\ g W)

If the A has rank r, then {A%y,..., A4} is an orthogonal basis for Col A:
Forl <j<k<r:

(A@T/w@: O

J5k
Definition:(o{|= /A1 > 02 =/ Xo--- > 0, = VA, are the singular
values of A. /V
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The SVD

~— Theorem: Singular Value Decomposition

A m X n matrix with rank r and non-zero singular values o1 >
g9 > --- > 0, has a decomposition ULVT where

. _[D o0 B 0 @ .0
oo oo T

0o 0 ... @

- 0 0_

U is a m X m orthogonal matrix, and V is a n X n orthogonal
matrix.
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M=U-X-V¢T
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Algorithm to find the SVD of A

Suppose A is m X n and has rank r < n.

2

<, and construct Y.

1. Compute the squared singular values of AT A, o
2. Compute the unit singular vectors of AT A, ¥;, use them to form V.

3. Compute an orthonormal basis for ColA using

1 .
’U,Z':—A’UZ', 221,2,...7’
o)

Extend the set {u;} to form an orthonomal basis for R™, use the
basis for form U,
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Example 2: Write down the singular value decomposition for

) _ & x4 dxx 2% 2,
2 0 O | =2 0 3 5
A = 0 =31 _ -0 ©9 S A [O \ }
0 O o p | o
O O £ @)
0 0 O 0 0O
L - S D
2. 0
ATIA\ = [l © O] o —3 = [4: O]
O =3 &5 s ° o Q C(
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Example 3: Construct the singular value decomposition of \/T
1 -1 - ,
A[Z 2]. :{? // ‘ﬁé@ | [ -1 ’
2 -2 3 / o5 (_[
(It has rank 1.) 2/3 | o0 |2U ] |
3x3 3K.2 22
-
AT A = [ -2 = 1T -9
Lk 2 —z} [bl l} ) [\‘i ﬁ}
2 =L
N —-l2 XN+ 0 = O A= (8 N,
= M A-lg)
<‘“: L = Rak (A) = Ramk (ATA) }
N -9 -9 = N [
Ual ( A=t TY = Nl [\7 B (o)

e &[]

A
Vol (A= oIy = N [jﬁ ‘c;'] - “‘"‘[L "
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Applications of the SVD

The SVD has been applied to many modern applications in CS,
engineering, and mathematics (our textbook mentions the first four).

Students are expected to be familiar with the 1%t two items in the list.

Section 7.4

Estimating the rank and condition number of a matrix
Constructing bases for the four fundamental spaces
Computing the pseudoinverse of a matrix

Linear least squares problems

Non-linear least-squares
https://en.wikipedia.org/wiki/Non-linear_least_squares

Machine learning and data mining
https://en.wikipedia.org/wiki/K-SVD

Facial recognition
https://en.wikipedia.org/wiki/Eigenface

Principle component analysis
https: //en.wikipedia.org/wiki/Principal_component_analysis

Image compression
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The Condition Number of a Matrix
= Ranvke (A) =1

If A is an invertible n x n matrix, the ratio T 7o

01 f - S
_ {

On

is the condition number of A.

Note that:

e The condition number of a matrix describes the sensitivity of a
solution to AZ = b is to errors in A.

e We could define the condition number for a rectangular matrix, but
that would go beyond the scope of this course.
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Example 4

For A = UEVY, determine the rank of A, and orthonormal bases for
NullA and (ColA)*L.

-
A9 01 03— Col W Ramk (A = 3 =Rank (AT.A)
u_l010 0
000 —1
100 0
40 0 0 0
s_ |03 0 00
100 V50O N
00 0 00 G A
F 0100 07| oNB & N
0010 0
vi=|+v02 000 08
0 001 0 \
V08 0 0 0 02 ONB o Nul )
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Example 4 - Solution
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The Four Fundamental Spaces

Multiplication

~byA S

—_—

FIGURE 4 The four fundamental subspaces and the

action of A.
1. AUy = o4Us.
2. U1,...,0. is an orthonormal basis for RowA.
3. Uy,...,U, is an orthonormal basis for Col A.
4. Upi1,...,Upn is an orthonormal basis for NullA.
5. W@p41,-..,1Un is an orthonormal basis for Null AT
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The Spectral Decomposition of a Matrix

The SVD can also be used to construct the spectral decomposition for
any matrix with rank r

'

— —»T

A= g OsUsUy ,
s=1

where i, Ty are the st columns of U and V respectively.

For the case when A = AT, we obtain the same spectral decomposition
that we encountered in Section 7.2.
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