MATH 403 FALL 2021: HOMEWORK 9 SOLUTION

INSTRUCTOR: DAESUNG KIM
DUE DATE: NOV 12, 2021

1. Exercise 3.14 (Hint: Use the orthogonal projection of ¥ to X.)

Solution: Let Z = X/|X| and W = Y/|Y|, then
1
|AOXY | = 7|X\|Y — PronY|

X X
" P ’

1 XY X

=357~ e
= XYW —(2-W)z].
Since [W — (Z-W)Z|* =1 — (Z - W)2, we have
A0XY| = UX|[Y||W ~ (2 W)2]
= JIX|YIyI—(Z WP
= S VIXPIVE = (X TP

. Exercise 3.16

Solution: Direct computation yields

Vs(s—a)(s—b)(s—c) = %\/(a+b+c)(fa+b+c)(afb+c)(a+bfc)
= V@ =A@ = @)

= i\/(Zab—I—a2 + b2 — c2)(2ab — a? — b2 + ¢2?)

— i\/4a2b2 — (a® + b2 — 2)?
1 a2 +b2 — 2\’

= —abyf1— (T2
2“b\/ ( 2ab )

=X -Y]2=|X2+|Y? - 2|X||Y]|cosf = a® + b*> — 2abcos¥,

Applying
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we get

Vs(s—a)(s—b)(s—c) = ;ab\/l - (W)
= 1ab\/ 1—cos?0

2

1
= S1X|[Y]|sin6].

3. Exercise 3.17

Solution:

X N =z1n1 + 2202 = n1p1 +ngpa = N - P,
ni(z1 — p1) +ne(r2 —p2) = 0.

4. Exercise 3.18

Solution: If N is perpendicular to N’ and N, N’ # O, then / is perpendicular to ¢'. Let { = {45 and
¢ =lcp,then N- (A—B)=N'-(C—-D)=0.Let X =A—BandY = C — D. Suppose N, N', O
are collinear, then N = r N’ for some r € R. Then, N - N = rN - N’ = 0, which contradicts to the
assumption. Thus, there exist a, b such that X = aN + bN’. Since X - N = 0 and N # O, we have
a=0.Then, X - Y =bN’-Y = 0 as desired.

5. For X = (z1,22) and Y = (y1, y2), we define
doo(X7Y) = HlaX{|I1 - yl‘: ‘IQ - y2|}
Show that d; (-, -) satisfies the following:

(@) doo(X,Y) = doo(Y, X) forany X,Y € R2.
(b) doo(X,Y) > 0forany X,Y € R? and d(X,Y) equals to zero if and only if X =Y.
(©) doo(X,2Z) < doo(X,Y) + deo(Y, Z) forany X,Y, Z € R2

Solution:

(@) do(X,Y) = max{|z1 — y1, |z2 — yo|} = max{|y1 — z1], [y2 — 22|} = doe (Y, X).

(b) deo(X,Y) > 0is obvious. Suppose do(X,Y) = 0, then |1 — y1| = |z2 — y2| = 0, which implies
X =Y.

(c) Suppose that d (X, Z) = |z1 — 21| without loss of generality. Then, we have

doo(X,Z) = |21 — 21| < |21 —y1| + Y1 — 21] L doo(X,Y) + do (Y, Z).

6. (Continued) Draw the set {X : doo (X, D) = 2} for D = (2, 3) in the plane.

Solution: If X satisfies doo (X, D) = 2, then
|$1—2| :27 |£C2—3| §27 or ‘(El—2| <2, ‘$2_3| =2

Thus,
r1 =4,1 <xp <5,
1 =0,1 <z <5,
2o =5,0 <zp <4,
zo=1,0< 2 <4




