Math 403: Euclidean Geometry
Midterm 1 Solution, Fall 2021
Date: September 22, 2021

1. (25 points) Circle True or False. Do not justify your answer.

(a) True FALSE Let A’, B, C' be three noncollinear points in the plane. Then, there are at least two
triangles AABC with AA'B'C’ as the triangle of midpoints of its sides.

Solution: For given A’, B, C’, there is only one such triangle AABC because

A=-A+B+C, B=A-B+C, C=A+B-C".

(b) True FALSE If A, B, C are not collinear and aA + bB + ¢C = O, thena =b=c = 0.

Solution: Let A = (0,0), B = (1,0),and C = (0,1). Then, A, B, C are not collinear and a A+ bB +
cC=0withb=c=0and a = 1.

(c) TRUE False The point P = 3B — 2A lies on the line /4.

Solution: Since P = (1 —t)A+tBwitht =3, P € {4p.

(d) TRUE False Let A= (3,-5),B=(2,1),C =(—4,2),and D = (-3, —4). Then A, B, C, D forms
a parallelogram.

Solution: Since A+ C = (—1,—-3) = B + D, itis a parallelogram.

(e) True FALSE Let A, B, C form a triangle. Menelaus theorem says that the points A’, B’,C’ on
the sides of AABC are collinear if and only if

A—-B B -C C-A

: : = 1.
A—C B-A C-B

Solution: The theorem says A’, B’, C’ are collinear if and only if the product is 1.

2. (a) (5points) Write down the definition that two lines 45 and {¢p are parallel.

(b) (10 points) Suppose that ¢4 is parallel to £cp, and (¢ p is parallel to /gr. Show that £ 45 is parallel
to/ EF.
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Solution:
(a) Two lines /g and {cp are parallel if there exists a nonzero ¢ € R (¢ # 0) such that A — B =
t(C — D).

(b) By the assumption, there exist s, € R such thatt¢ # 0, s # 0, A— B = t(C — D), and
C —D = s(E— F). Thus, we have A — B = ts(E — F) and ts # 0. By definition, {45 is
parallel to /.

3. (a) (5 points) Write down the definition of a parallelogram.

(b) (12 points) Let A, B, C, D form a parallelogram. Let M be the centroid of ABCD, N be the centroid of
ACDA, L be the centroid of ADAB, P be the centroid of AABC'. Show that a quadrilateral M NLP
defines a parallelogram.

Solution:
(@) A quadrilateral ABCD is a parallelogramif A+ C = B + D.

(b) We have

1
3
Since A+ C = B+ D, we get

1 1 1

1 1 1 1
M+L=2(A+B+C+D)+3(B+D)=(A+B+C+D)+(A+C)=N+P.

4. Let A, B, C be three noncollinear points in R?.
(a) (5 points) Write down the definition of the barycentric coordinate with respect to A, B, C.

(b) (13 points) Let ¢ be the set of all points P such that its barycentric coordiate (a, b, c) satisfies a = b+ c.
Show that / is a line.

Solution:

(a) Every point P in the plane can be uniquely written as P = aA + bB + cC with a+ b+ c = 1. Then
(a, b, c) is called the barycentric coordinate of P with respect to A, B, C.

(b) Every point P on the line ¢ can be written as P = aA + bB + cC witha+b+c=1anda = b +c.
Notethata =b+c = % Thus,

P=aA+bB+cC=b(A+B)+c(A+C)=tC"+ (1 —-t)B

where t = 2b, B’ = %(A +C),and C' = %(A + B). Since A, B, C are not collinear, we know that
B’ # C'. (Otherwise, B = C so that A, B, C should be collinear.) Thus, { = {gcr.

5. Let A, B,C € R? form a triangle.
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(@) (10 points) Write down the statement of Ceva’s theorem.
(b) (15 points) Let
1

5(24+ B).

1 1
A:§QB+CL R:§@C+A% o

Are the three lines {44/, {pp/, {ccr concurrent? Justify your answer.

Solution:

(a) Let A, B,C form a triangle and A’, B’, C’ lie on the sides of AABC and be distinct from A, B, C.
Then, the lines £ 44/, {gp’, {cc’ are concurrent if and only if

AA—-B B'-C C'—-A

A-C B -A C'—-B

=-1.

(b) One can see that

A-B B-C C-A 1

A—C B —-A C—-B 2

Since the product is —%, the lines are not concurrent.
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