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Note: The problems 2, 3, 5, 8, 10 will only be graded.
1. Let α be an isometry and ℓ be a line. Show that σα(ℓ) = ασℓα

−1.

Solution: Let β = ασℓα
−1. Note that β is not the identity. Since β2 = (ασℓα

−1) ◦ (ασℓα
−1) =

ασℓα
−1 = β, it is involutive. Let Y ∈ α(ℓ), then there exists X ∈ ℓ such that α(X) ∈ α(ℓ). Since

σℓ(X) = X , we have

β(Y ) = ασℓα
−1(Y ) = ασℓα

−1(α(X)) = ασℓ(X) = α(X) = Y.

Therefore, β is the reflection in σ(ℓ).

2. Exercise 4.2

Solution: Let γ = α−1 ◦ β, then

γ(A) = A, γ(B) = B, γ(C) = C.

Since A,B,C are collinear, we have γ = Id, which implies α = β.

3. Exercise 4.5: Let α be an isometry. Suppose that ασℓ = σℓα holds for any line ℓ. Show that α is the
identity map.

Solution: Let X ∈ R2. Choose two different lines ℓ1, ℓ2 such that both lines contain X . For each
i = 1, 2,

α(X) = ασℓi(X) = σℓiα(X) = σℓi(α(X)),

which implies that α(X) is a fixed point of σℓi . Thus, α(X) ∈ ℓ1 ∩ ℓ2. Therefore, we conclude that
α(X) = X , as desired.

4. Exercise 4.7: Let ℓ1, ℓ2 be lines with ℓ1 ⊥ ℓ2. Show that σℓ1σℓ2 = σC for some C ∈ R2.

Solution: Let X ∈ R2, Y = σℓ2(X), and Z = σℓ1(Y ). Since |C −X| = |C − Y | = |C −Z|, we see that
C is the circumcenter of △XY Z. Since ℓ1 is perpendicular to ℓ2, △XY Z is a right triangle. Thus, C
is the midpoint of the hypotenuse, that is, C = 1

2 (X + Z).

5. Exercise 4.9

Solution: We have

σℓσBσℓσA = Id

⇔ σσℓ(B) = σA

⇔ σℓ(B) = A.

By the definition of σℓ, the last statement is equivalent to that ℓ is the perpendicular bisector of AB.

6. Exercise 4.10
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Solution: We have

σBσℓσBσAσℓσA = Id

⇔ σσB(ℓ) = σσA(ℓ)

⇔ σB(ℓ) = σA(ℓ)

⇔ ℓ = σAσB(ℓ).

Suppose ℓ is parallel to AB and X ∈ ℓ. Let Y = σBσA(X). Since

X − Y = X − (2B − (2A−X)) = 2(A−B),

Y ∈ ℓ. Since σAσB(Y ) = X , we conclude that ℓ ⊆ σAσB(ℓ). Similarly, one can show the opposite
direction and conclude that ℓ = σAσB(ℓ).

Suppose ℓ = σAσB(ℓ). Let X ∈ ℓ. If X = σAσB(X), then A = B, which is a contradiction. Thus,
Y := σAσB(X) ∈ ℓ and X ̸= Y . Since

X − Y = X − (2A− (2B −X)) = −2(A−B),

we conclude that ℓ is parallel to AB.

7. Exercise 4.11

Solution: Let ℓ be the line perpendicular to m and n and M ∈ ℓ ∩m and N ∈ ℓ ∩ n. Then, we know
that

σnσm = τ2(N−M), σmσn = τ2(M−N).

Thus, σnσm = σmσn if and only if τ2(N−M) = τ2(M−N) iff N = M iff m = n.

8. Exercise 4.12

Solution: For any X ∈ R2,

X + τAσP (X) = X +A+ (2P −X) = A+ 2P.

Thus,

τAσP (X) = (A+ 2P )−X = σC(X)

where C = 1
2 (A+ 2P ). The second assertion is similar.

9. Exercise 4.13

Solution: By Exerise 4.12, we know that τA = σPσQ where P ∈ R2 and Q = 1
2 (2P −A). Then,

ατAα
−1 = ασPσQα

−1 = ασPα
−1ασQα

−1 = σα(P )σα(Q) = τR

where R = 2(α(P )− α(Q)). If α is linear isometry, then

R = 2(α(P )− α(Q)) = α(2P − 2Q) = α(A).

10. Let α be a rotation with center C ∈ R2 through the oriented angle θ ∈ (−π, π] and ℓ be a line. Suppose α
is not the identity map and α(ℓ) = ℓ. Show that α is the central reflection in C.

Solution: This is Theorem 4.32 (pg. 96).
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