1. Let a be an isometry and / be a line. Show that o,y = aoa™".
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Note: The problems 2, 3, 5, 8, 10 will only be graded.
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Solution: Let 3 = aoya™!. Note that 3 is not the identity. Since 5% = (aoya™!) o (aopa™) =
aopa~! = j, it is involutive. Let Y € «(/), then there exists X € ¢ such that a(X) € «a(¥). Since
o¢(X) = X, we have

BY) = aopa™ (V) = acpa™ (a(X)) = agy(X) = a(X) =Y.

Therefore, § is the reflection in o ().

. Exercise 4.2

Solution: Let v = a~! o 3, then
v(4) =4, y(B)=B, ~(C)=C.

Since A, B, C are collinear, we have v = Id, which implies a = .

3. Exercise 4.5: Let a be an isometry. Suppose that aoy = o, holds for any line /. Show that « is the

identity map.

Solution: Let X € R2. Choose two different lines ¢;, ¢ such that both lines contain X. For each
1=1,2,

a(X) = a0y, (X) = o¢,a(X) = o, (X)),

which implies that a(X) is a fixed point of o4,. Thus, a(X) € ¢; N £3. Therefore, we conclude that
a(X) = X, as desired.

. Exercise 4.7: Let {1, {5 be lines with ¢; L /5. Show that 0y, 04, = o for some C € R?.

Solution: Let X € R?,Y = 04,(X),and Z = o, (Y). Since |C — X| = |C - Y| = |C — Z|, we see that
C is the circumcenter of AXY Z. Since ¢, is perpendicular to {5, AXY Z is a right triangle. Thus, C
is the midpoint of the hypotenuse, that is, C' = (X + Z).

. Exercise 4.9

Solution: We have
opopoyos = 1d
A Ocy(B) = 0A
& oe(B) = A.

By the definition of o, the last statement is equivalent to that ¢ is the perpendicular bisector of AB.

6. Exercise 4.10
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Solution: We have
OROpoROA004 = Id
<~ Oop(l) = Oga(l)
& op(l) = oa(0)
& L=0cs0p(L).
Suppose / is parallel to AB and X € /. LetY = opo4(X). Since
X-Y=X-(2B-(24-X))=2(A-B),

Y € {. Since 0405(Y) = X, we conclude that ¢ C o405(¢). Similarly, one can show the opposite
direction and conclude that ¢ = o 405(¢).

Suppose £ = o40p(¢). Let X € £. If X = 0405(X), then A = B, which is a contradiction. Thus,
Y :=o040p5(X) € land X #Y. Since

X-Y=X-(24— (2B - X)) = —2(A— B),
we conclude that ¢ is parallel to AB.

7. Exercise 4.11

Solution: Let ¢ be the line perpendicular to m and n and M € {Nm and N € ¢ N n. Then, we know
that

OnOm = T2(N—-M)s OmOn = T2(M—N)-

Thus, 0,0, = om0y, if and only if 7oy _pp) = To(m—ny iff N = M iff m = n.

8. Exercise 4.12

Solution: For any X € R?,
X +71a0p(X)=X+A+(2P—-X)=A+2P.
Thus,
Taop(X) = (A+2P) — X = 0¢(X)

where C' = (A + 2P). The second assertion is similar.

9. Exercise 4.13
Solution: By Exerise 4.12, we know that 74 = opog where P € R? and Q) = %(2P — A). Then,

ataa”t = OéO'pO'QOé_l = aapa_lozaQa_l = 0a(P)0a(Q) = TR
where R = 2(a(P) — (Q)). If v is linear isometry, then
R =2(a(P) — a(Q)) = a(2P — 2Q) = a(A).

10. Let v be a rotation with center C' € R? through the oriented angle 6 € (—, 7] and ¢ be a line. Suppose «
is not the identity map and «(¢) = ¢. Show that « is the central reflection in C'.

Solution: This is Theorem 4.32 (pg. 96).




